The authors introduce the concepts of m-invex set, generalized (s, m)-preinvex function, and explicitly (s, m)-preinvex function, provide some properties for the newly introduced functions, and establish new Hadamard-Simpson type integral inequalities for a function of which the power of the absolute of the first derivative is generalized (s, m)-preinvex function. By taking different values of the parameters, Hadamardtype and Simpson-type integral inequalities can be deduced. Furthermore, inequalities obtained in special case present a refinement and improvement of previously known results.
Introduction and Preliminaries
The following notation is used throughout this paper. We use I to denote an interval on the real line R = (−∞, ∞), and I • to denote the interior of I. For any subset K ⊆ R n , K • is used to denote the interior of K. R n is used to denote a generic n-dimensional vector space and R n + denotes an n-dimensional nonnegative vector space. The nonnegative real numbers are denoted by R 0 = [0, ∞). The set of integrable functions on the interval [a, b] is denoted by L 1 [a, b] . Let us firstly recall some definitions of various convex functions.
Definition 1.1 ([7]
). A function f : I ⊆ R → R 0 is said to be a Godunova-Levin function if f is nonnegative and for all x, y ∈ I, λ ∈ (0, 1) we have that
Now it is time to recall some inequalities of Hadamard type and Simpson type for the kinds of convex functions mentioned above that have been developed in recent decades. (1.5) Theorem 1.11 ( [2, 25] ). Let K ⊆ R be an open invex subset with respect to η : K × K → R. Suppose that f : K → R is a differentiable function. If |f | is preinvex on K then for every a, b ∈ K with η(b, a) = 0 we have that
Theorem 1.12 ([28] ). Let A ⊆ R be an open invex subset with respect to η : A × A → R. Suppose that f : A → R is a differentiable function. If q > 1, q ≥ r, s ≥ 0 and |f | is preinvex on A, then for every a, b ∈ A with η(a, b) = 0, we have that
Corollary 1.13 ([28]).
Under the conditions of Theorem 1.12, when r = s = 0, the following inequality holds
Currently, Hadamard-type and Simpson-type inequalities concerning different kinds of convex functions remain attractive topics for many scholars in the field of convex analysis. For further information about this topic, the reader may refer to [3, 8, 9, 11, 16, 17, 18, 19, 20, 21, 23, 24, 27, 29, 30, 31] and references cited therein.
In the recently published articles [12] by Latif et al., based on the differentiable (α, m)-preinvex functions, they established Hadamard-type integral inequalities, and in the paper [23] Qaisar et al. also found some Simpson-type inequality for differentiable (α, m)-convex functions. Motivated by this idea and based on our previous works [14, 15, 32] , in the present paper, the next section we introduce new concepts, to be referred as the m-invex, the generalized (s, m)-preinvex function, and the explicitly (s, m)-preinvex function respectively, and then we give some interesting properties for the newly introduced functions. Section 3 will derive an integral identity with two parameters for a differentiable mapping, then explore new HadamardSimpson-type integral inequalities for generalized (s, m)-preinvex functions. Some inequalities obtained in special case present a refinement and improvement of previously known results.
New definitions and properties
As one can see, the definitions of the (s, m)-convex, s-preinvex, Godunova-Levin functions have similar forms. This observation leads us to generalize these varieties of convexity. Firstly, the so-called 'm-invex ', may be introduced as follows. 
then X is an m-invex set with respect to η for λ ∈ [0, 1] and m = 4 . It is obvious that X is not a convex set.
Remark 2.3. In Definition 2.1, under certain conditions, the mapping η(y, x, m) could reduce to η(y, x). For example, in the above Example 2.2, when m = 1, then the m-invex set degenerates an invex set on X.
We next give new definitions, to be referred to as generalized (s, m)-preinvex function and explicitly (s, m)-preinvex function respectively.
is valid for all x, y ∈ K, λ ∈ [0, 1], then we say that f (x) is a generalized (s, m)-preinvex function with respect to η.
The function f (x) is said to be strictly generalized (s, m)-preinvex function on K with respect to η, if a strict inequality holds on (2.1) for any x, y ∈ K and x = y. Remark 2.5. In Definition 2.4, it is worthwhile to note that generalized (s, m)-preinvex function is an (s, m)-convex function on K with respect to η(y, x, m) = y − mx. Definition 2.6. Let K ⊆ R n be an open m-invex set with respect to η : K ×K ×(0, 1] → R n . For f : K → R and some fixed s, m ∈ (0, 1], if ∀λ ∈ (0, 1), ∀x, y ∈ K and f (x) = f (y), we have
then we say that f (x) is an explicitly (s, m)-preinvex function with respect to η.
Example 2.7. Let f (x) = −|x|, s = 1, and
Then f (x) is a generalized (1, m)-preinvex function with respect to η : R × R × (0, 1] → R and some fixed m ∈ (0, 1]. However, it is obvious that f (x) = −|x| is not a convex function on R. By letting
Thus, f is not also an explicitly (s, m)-preinvex function on R with respect to η for s = 1 and some fixed m ∈ (0, 1].
According to the above definitions, we now derive some interesting properties of the generalized (s, m)-preinvex function and the explicitly (s, m)-preinvex function as follows.
The proof of propositions 2.8, 2.9, and 2.10 are straightforward.
is also a generalized (s, m)-preinvex (explicitly (s, m)-preinvex) functions on K with respect to the same η for fixed s, m ∈ (0, 1].
is also a generalized (s, m)-preinvex (explicitly (s, m)-preinvex) function on K with respect to the η for fixed s, m ∈ (0, 1].
In Proposition 2.11 we prove that combination of a generalized (s, m)-preinvex function with a positively homogenous and nondecreasing function is generalized (s, m)-preinvex with respect to η on K for fixed s, m ∈ (0, 1].
Proposition 2.11. Let K be a nonempty m-invex set in R n with respect to η : 
holds for any λ ∈ [0, 1]. Since g is a positively homogenous and nondecreasing function, then
which follows that g(f ) is a generalized (s, m)-preinvex function with respect to η on K for some fixed s, m ∈ (0, 1].
holds for any λ ∈ [0, 1]. When x, y ∈ M , we know g i (x) ≤ 0 and g i (y) ≤ 0, from the above inequality, it yields that
Assume that f is monotone decreasing, η is monotone increasing regarding m for fixed x, y ∈ R + , and
If f is a generalized (s, m 1 )-preinvex function on R + with respect to η, then f is a generalized (s, m 2 )-preinvex function on R + with respect to η.
Combining the conditions f is monotone decreasing, η is monotone increasing regarding m for fixed x, y ∈ R + , and m 1 ≤ m 2 , it follows that
and
Following the above two inequalities, we have that
Hence, f is also a generalized (s, m 2 )-preinvex function on R + with respect to η for fixed s ∈ (0, 1], which completes the proof.
Proposition 2.14. Let K be a nonempty m-invex set in R n with respect to η : K × K × (0, 1] → R n , and Proof. Since each f i (x)(i ∈ I) is an explicitly (s, m)-preinvex function with respect to the same η for some fixed s, m ∈ (0, 1], we have for each i ∈ I
Therefore, for each i ∈ I,
Taking sup of the left-hand side of the above equation, we obtain
That is, f (x) = sup{f i (x), i ∈ I} is also an explicitly (s, m)-preinvex function on K with respect to the same η for fixed s, m ∈ (0, 1].
Proposition 2.15 shows that a local minimum of an explicitly (s, m)-preinvex function over an m-invex set is a global one under some conditions. Proposition 2.15. Let K be a nonempty m-invex set in R n with respect to η : K × K × (0, 1] → R n , and f : K → R be an explicitly (s, m)-preinvex function with respect to η for some fixed s, m ∈ (0, 1]. And let fixed s, m ∈ (0, 1] satisfy m(1 − λ) s + λ s ≤ 1 for ∀λ ∈ (0, 1). Ifx ∈ K is a local minimum to the problem of minimizing f (x) subject to x ∈ K, thenx is a global one.
Proof. Suppose thatx ∈ K is a local minimum to the problem of minimizing f (x) subject to x ∈ K. Then there is an ε-neighborhood N ε (x) aroundx such that
Ifx is not global minimum of f (x) on K, then there exists an x * ∈ K such that
By the explicit (s, m)-preinvexly of f (x) and the condition m(1 − λ) s + λ s ≤ 1,
for all 0 < λ < 1. For a sufficiently small λ > 0, it follows that
which is a contradiction to (2.3). This completes the proof.
By Proposition 2.15, we can conclude that explicitly (s, m)-preinvex functions constitute an important class of generalized convex functions in mathematical programming. The function in Example 2.7 is not an explicitly (s, m)-preinvex function with respect to η based on Proposition 2.15.
Hadamard-Simpson type integral inequalities
For establishing our new integral inequalities of Hadamard-Simpson type for generalized (s, m)-preinvex function, we need the following key integral identity, which will be used in the sequel. 
Since a, b ∈ K and K is an m-invex set with respect to η, for every λ ∈ [0, 1] and some fixed m ∈ (0, 1], we have ma + λη(b, a, m) ∈ K. Integrating by parts yields
Let x = ma + λη(b, a, m), then dx = η(b, a, m)dλ and we have
which is required. In what follows, we establish another refinement of the Simpson's inequality for generalized (s, m)-preinvex functions in the second sense. 
Using the fact that
, the desired inequality (3.2) is established.
Direct computation yields the following corollaries. , and let k = 5 6 , we have , 1) degenerates η(b, a) , s = 1, and let t = k = 1 2 , we have
Remark 3.5. Inequality (3.3) is the same as inequality of (1.2) presented by Sarikaya in [26] . Inequality (3.4) is the same as inequality of (1.3) established by Dragomir in [4] . Inequality (3.5) is the same as inequality of (1.6) given by Barani in [2] . Thus, inequality (3.2) is a generalization of these Simpson-type and Hadamard-type inequalities.
Corollary 3.6. The upper bound of the midpoint inequality for the first derivative is developed as follows:
where v 1 and v 2 are defined in Theorem 3.3.
, and let k = 5 6 in the above inequality (3.6), it yields that
, and let k = 5 6 in the above inequality (3.6), we have
Remark 3.7. It is noted that the above midpoint inequality (3.7) is better than the inequality (1.4) presented by Kirmaci in [10] ; Apparently, the result of inequality (3.8) also has a better result compared with inequality (1.7) presented by Sarikaya in [25] . We continue with Theorem 3.8. Let f be defined as in Theorem 3.3 with
If |f | q is a generalized (s, m)-preinvex function on A for some fixed s, m ∈ (0, 1] and let k, t ∈ R, then for each x ∈ [ma, ma + η(b, a, m)] the following inequality holds:
Proof. Since ma + λη(b, a, m) ∈ A for every λ ∈ [0, 1] and some fixed m ∈ (0, 1], by Lemma 3.1 and the famous Hölder's integral inequality, we have
Also, making use of the generalized (s, m)-preinvexity of |f | q , it follows that
Direct calculation yields that
p + 1 and
Similarly, we have
s + 1 and
Therefore, combining the above four equalities, this leads to the desired result. The statement in Theorem 3.8 is proved. 
, and let t = 0 in inequality (3.10), we can get
Remark 3.10. By substituting p =− 1 into inequality (3.11) and exchanging a and b , we can deduce the inequality (1.8).
In the following corollary, we have the midpoint inequality for powers in terms of the first derivative. , t = 1 6 , and k = 5 6 into inequality (3.9), we have
In the following theorem, we obtain another form of Simpson type inequality for powers in term of the first derivative.
Theorem 3.12. Let f be defined as in Theorem 3.3. If the mapping |f | q for q ≥ 1 is generalized (s, m)-preinvex on A for some fixed s, m ∈ (0, 1] and let k, t ∈ R, then for each x ∈ [ma, ma + η(b, a, m)] the following inequality holds:
13) where
,
, and
.
Proof. Since ma + λη(b, a, m) ∈ A for every λ ∈ [0, 1] and some fixed m ∈ (0, 1], by Lemma 3.1 and power-mean integral inequality, it follows that Thus, our desired result can be obtained by combining equalities (3.14)- (3.18) , and the proof is completed. Remark 3.14. It is observed that the inequality (3.20) gives an improvement for the inequality (1.3) with the integral interval length b − a ≥ 1 2 . Thus, Theorem 3.12 and its consequences generalize the main results in [5] .
